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|
Artin-Tits groups, S finite

Artin-Tits group

A=(S]| st... = ts... Vs#teS, mgs #+ oo
— —_——
Ms ¢ alternating terms Mg ; alternating terms

mt7s = ms7t€ {27700}
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Artin-Tits groups, S finite

Artin-Tits group

A=(S]| st... = ts... Vs#teS, mgs #+ oo
— —_——
Ms ¢ alternating terms Mg ; alternating terms

mt7s = ms7t€ {27,00}

Quotient by ((s?, s € S)):

Coxeter group

st... = is... Vs#teS, mgt +o00
— —
W=(S Mg ¢ alternating terms Mg ; alternating terms
s% =1 VseS

Conjugacy stability of parabolics July 2018 2/18



Example: Braid groups and symmetric groups

oioj=ojo;  if[i-j>2
ojojoj = ojoioj if [i—j| =1

Bn:<‘717---70n—1
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2 iffi-jz2
NS iffi-j =1
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Example: Braid groups and symmetric groups

Bn:<‘717---70n—1

oioj=ojo;  if[i-j>2
ojojoj = ojoioj if [i—j| =1

2 ifji—-jlz2
.

3 ifli-j=1
0j0j = 0j0; if|i-j>2
Sp = (01,---,%_1 ojojoi = ojojoj i |i—j| =1 >
o?=1, vie{1l,...,n-1}
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Example: Braid groups and symmetric groups

Bn:<‘717---70n—1

oioj=ojo;  if[i-j>2
ojojoj = ojoioj if [i—j| =1

2 ifji—-jlz2
.

3 ifli-j=1
0j0j = 0j0; if|i-j>2
Sp = (01,---,%_1 ojojoi = ojojoj i |i—j| =1 >
o?=1, vie{1l,...,n-1}

(o)« [i,i+1])
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-]
Coxeter graph

Coxeter graph I's

Vertices : S,
Labeled edge s——t iff ms; > 3.
Convention: drop the label if ms = 3.
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Coxeter graph

Coxeter graph I's

Vertices : S,
Labeled edge s——t iff ms; > 3.
Convention: drop the label if ms; = 3.

Braid example

01 02 On—1

Conjugacy stability of parabolics July 2018 4/18



-]
Coxeter graph

Coxeter graph I's

Vertices : S,
Labeled edge s——t iff ms; > 3.
Convention: drop the label if ms; = 3.

Braid example

01 02 On—1

Connected Coxeter graph <« irreducible Artin-Tits/ Coxeter group.

J
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Parabolic subgroups

Standard parabolic subgroup
Subgroup of A (or W) generated by a subset T of S. }
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Parabolic subgroups

Standard parabolic subgroup
Subgroup of A (or W) generated by a subset T of S.

Parabolic subgroup
Subgroup of A (or W) conjugated to a standard parabolic subgroup.
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Parabolic subgroups

Standard parabolic subgroup
Subgroup of A (or W) generated by a subset T of S.

Parabolic subgroup
Subgroup of A (or W) conjugated to a standard parabolic subgroup.

Van der Lek’s theorem
For T c S,

@ (T)4 = Aris the Artin-Tits group associated to the subgraph I'r of
I's generated by vertices of T.

@ (T)w = Wr is the associated Coxeter group.
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Spherical type

A of spherical type if W is finite.
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|
Spherical type

A of spherical type if W is finite.

Theorem (Coxeter, 1935)

Every irreducible Artin-Tits group of spherical type is one of the
following list.

I 4
A, o Eg Fy

n > 2 vertices 5

H; o—o—
B 4 E; I
n *—eo—o *—o
5
n > 2 vertices Hy e * ° °

Eg
Dy, Se—e — I Lm ol m>5

n > 3 vertices
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|
Spherical type

A of spherical type if W is finite.

Theorem (Coxeter, 1935)

Every irreducible Artin-Tits group of spherical type is one of the
following list.

4
An D Eg Fy
n > 2 vertices 5
H; o—o—
B 4 E; I
n *—eo—o *—o
.
5
n > 2 vertices Hy e * ° °

Eg
Dy, Se—e — I Lm ol m>5

n > 3 vertices

All of these are Garside groups.
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Question

Definition
H < G is conjugacy stable if for all a, b € H, the equation x~'axb = 1 has
a solution in G iff it has a solution in H.

Conjugacy stability of parabolics July2018  7/18



Question

Definition
H < G is conjugacy stable if for all a, b € H, the equation x~'axb = 1 has
a solution in G iff it has a solution in H. )

Question (lvan Marin)
Are standard parabolic subgroups of Artin-Tits groups of spherical type
conjugacy stable?

v
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Question

Definition
H < G is conjugacy stable if for all a, b € H, the equation x~'axb = 1 has
a solution in G iff it has a solution in H.

v

Question (lvan Marin)

Are standard parabolic subgroups of Artin-Tits groups of spherical type
conjugacy stable?

v

Theorem (Gonzalez-Meneses, 2014)

Irreducible standard parabolic subgroups of Artin braid groups are
conjugacy stable.
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|
Main result, first part

Ax c Ag, Ag irreducible spherical type, Ax irreducible.

Theorem (C., Cisneros, Cumplido 2018)
Ax is conjugacy stable except for:

TS I \ES ][;<H1

)
*—0 o —=o

2n vertices

Conjugacy stability of parabolics July 2018

8/18



Main result, second part

Ax c Ag, Ag irreducible spherical type, Ax reducible.

Theorem (C., Cisneros, Cumplido 2018)
Ax is NOT conjugacy stable except for:

A)(1 X AXZ < B, A)(1 X A)(2 <K A

N . —— =

Ay, irreducible Xi C{s1,.92} Xo C {55, 54}
Ax, = Asy =2

M. Calvez Conjugacy stability of parabolics July 2018 9/18



In most reducible cases

Key-observation. s, ¢ S are conjugate in Ay iff s and t are connected
by an odd-labeled path in the Coxeter graph.
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Positive case

Sufficient condition on Coxeter groups:
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Positive case

Sufficient condition on Coxeter groups:

Proposition

If Wx < Ws has Property ~y, then Ax < Ag is conjugacy stable.
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]
Positive case

Sufficient condition on Coxeter groups:
Proposition

If Wx < Ws has Property ~y, then Ax < Ag is conjugacy stable.

Wy < Wg has Property xyy if
vYi, Yo X,

implies

there is w: Y, W, Yoand wlyw = wyw, forall y € Y;.
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Positive case

Sufficient condition on Coxeter groups:

Proposition
If Wx < Ws has Property ~y, then Ax < Ag is conjugacy stable.

Wy < Wg has Property xyy if
vYi, Yo X,

implies

there is w: Y, W, Yoand wlyw = wyw, forall y € Y;.

Case-checking of «y in finite Coxeter groups —see Geck-Pfeiffer’s
“Characters of finite Coxeter groups and Iwahori-Hecke algebras".
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Technical lemma

Lemma
Wy < Wg has «y iff Ax < Ag has x 4. }
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Technical lemma

Lemma
Wy < Wg has «y iff Ax < Ag has x 4.

Ax < Ag has Property 4 if
VYy, Yo X,

implies

there is g: Y4 9%, v, and g 'yg=g'yg, foralyeV;.
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Proposition
If Ax < Ag has *», then Ax is conjugacy stable in As. J
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]
Previous

Theorem (Cumplido, Gebhardt, Gonzélez-Meneses, Wiest 2018)

For a e Ag, there exists P, the parabolic closure of a: minimal
parabolic subgroup (w.r.t. inclusion) which contains a. For g € Ag,
Pg—1ag = g_1 Pag.
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Previous

Theorem (Cumplido, Gebhardt, Gonzélez-Meneses, Wiest 2018)

For a e Ag, there exists P, the parabolic closure of a: minimal
parabolic subgroup (w.r.t. inclusion) which contains a. For g € Ag,
Pg*1ag = g_1 Pag.

Theorem (Cumplido 2017)

If P < Ax < Ag is a parabolic subgroup, then there is sp € Ax:
Standardizer and Y ¢ X such that P =% Ay.
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Previous

Theorem (Cumplido, Gebhardt, Gonzélez-Meneses, Wiest 2018)
For a € As, there exists P,, the parabolic closure of a: minimal
parabolic subgroup (w.r.t. inclusion) which contains a. For g € Ag,
Pg*1ag = g_1 Pag.

Theorem (Cumplido 2017)

If P < Ax < Ag is a parabolic subgroup, then there is sp € Ax:
Standardizer and Y ¢ X such that P =% Ay.

Theorem (Godelle 2003)

geAs
Ay, — Ay,

f

cA
— g=p-7, with Yy Z=5 Y, and 7 ¢ Ay,.
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Proof of Proposition

Let a,b € Ax conjugated by ¢ € As.
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Proof of Proposition

Let a, b € Ax conjugated by c € As.

Pa
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Proof of Proposition

Let a, b € Ax conjugated by c € As.

P Py
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Proof of Proposition

Let a, b € Ax conjugated by c € As.

ceA
P, S Py
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Proof of Proposition

Let a, b € Ax conjugated by c € As.

ceA
Pa g Py

Sa € Ax
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Proof of Proposition

Let a, b € Ax conjugated by c € As.

ceA
Pa g Py

Sa € Ax

Ay,

a
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Proof of Proposition

Let a, b € Ax conjugated by c € As.

ceA
Pa €72 Pb
Sa € Ax Sp € Ax
Ay,
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Proof of Proposition

Let a, b € Ax conjugated by c € As.

A
Pa CE As Pb
Sa € Ax Sp € Ax
Aya AYb
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Proof of Proposition

Let a,b e Ax conjugated by ¢ € Ag.

ceA
Pa S Pb

Sa € Ax sp € Ax

s;'csp

Ay,

a
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Proof of Proposition

Let a,b € Ax conjugated by ¢ € Ag.

ceA
Pa S Pb

Sa € Ax Sp € Ax

szlcsp=p-T

Ay,

a

Ay,

s;'cspeAs

By 3, Ay, ——— Ay,

_ peA
= S;'CSp = p7: Ya > Yp; 7 € Ay,  Ax.
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Proof of Proposition

Let a, b € Ax conjugated by c € As.

ceA
Pa S P,

Sa € Ax sp € Ax

s;lesp=p-7
Ay; Yo

s;'cspeAs

A
By 3, Ay, ——— Ay, = S,'CSp = p7: Ya 7S, Yyt e Ay, c Ax.

By x4, wefind e Ax :p 'yp=p 'yp, forall ye Y.
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Proof of Proposition

Let a,b e Ax conjugated by ¢ € As.

ceA
P, S Py

Sa € Ax Sp € Ax

S_1CSb€AS _ peA
By 3, Ay, = Ay, = 83'CSp = p7: Ya —> Yp; T € Ay, c Ax.

By x4, wefind peAx :p 'yp=p 'yp, forall y e Ya.
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Proof of Proposition
Let a,b e Ax conjugated by ¢ € Ag.

cA
Ps eefs Py

Sa € Ax sp € Ax

-1 _ .
S CSp=P" T \/
Aya AYb

s;' cspeAg peA
By 3, Ay, =" Ay, == S;'¢Sp = p7: Ya > Yp; T € Ay, € Ax.

By x4, wefind e Ax :p 'yp=p'yp, forall y e Y.

SapTSy' € Ax conjugates a to b.
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|
When stability fails?
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|
When stability fails?

Obvious obstruction for stability of Ax in Ag:

Wyx < Ws is not conjugacy stable.
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Special example

Hs <Hy

66— O—@

Conjugacy stability of parabolics July 2018 17/18



Special example

Hs <H,
O—0—6—
W(Hz) conjugacy stable in W(Hy)

but
A(Hs3) is not conjugacy stable in A(Hy).
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Special example

Hs <Hy

66— O—@

W(Hz) conjugacy stable in W(Hy)

but
A(Hs3) is not conjugacy stable in A(Hy).

' S1S8251 8281:@ 323384325332‘31 52515254 : 535483 :®
&) & ® ®

@ 535453

)
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Special example

Hs <Hy

6H—E—6—6

W(Hz) conjugacy stable in W(Hy)

but
A(Hs3) is not conjugacy stable in A(Hy).

(&) 535453 : S1SQS13231:@ 323334325332‘31 SpS4 SgS1= S354S3 :@
) &) ) ©) ®

0105,0%03 € A(Hs)

conjugated in A(H,) but not in A(H3).
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