A GARSIDE-THEORETIC ANALYSIS OF THE BURAU
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ABSTRACT. We establish relations between both the classical and the dual
Garside structures of the braid group and the Burau representation. Using
the classical structure, we formulate a non-vanishing criterion for the Burau
representation of the 4-strand braid group. In the dual context, it is shown that
the Burau representation for arbitrary braid index is injective when restricted
to the set of simply-nested braids.

1. INTRODUCTION

The (reduced) Burau representation
Pn * B, — GL (n - 1vz[qil])

was the first possible candidate for a faithful linear representation of the braid
group on n strands B,, and it has been known for long to be faithful in the case
of the 3-strand braid group [MP]. However, Moody [Mo] showed that the Burau
representation is not faithful for any braid index n > 9. This was brought down to
n = 6 by Long and Paton [LP] and finally Bigelow showed the non-faithfulness of ps
[Bi]. Despite these negative results, the linearity question of the braid groups was
settled in the positive independently by Krammer [Kra] and Bigelow [Bi2]. They
showed that another linear representation

—1
L,: B, — GL <”<”2 >,Z[qi1,til])

constructed by Lawrence [Law] is faithful for all n. The representation £, is now
known as the Lawrence-Krammer-Bigelow representation, or LKB representation
for short.

At present, the question of the faithfulness of the Burau representation in the
case n = 4 remains open. The linearity question itself was solved, nevertheless
the problem to determine whether py is faithful or not remains of considerable
importance because the non-faithfulness of py would imply that the Jones poly-
nomial does not detect the unknot. This follows from Bigelow’s observation that
the non-faithfulness of p4 is equivalent to the non-faithfulness of the Jones and
Temperley-Lieb representations of By [Bi3] and from the fact that, if non-trivial,
the kernel of these representations contains a braid that yields a non-trivial knot
with trivial Jones polynomial [It]. Another interesting related problem is to study
the image of the Burau representation — an old and widely open question asks
which (n — 1) x (n — 1) matrices over Z[¢g*!] can appear as the image under the
(reduced) Burau representation of some braid [Bir, Appendix Research Problems
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14]. These questions have been studied from both an algebraic and order point of
view in [Deh], leading to some partial faithfulness properties.

The present paper aims to establish relations between the Garside structures of
the braid group and the Burau representation, thus providing a partial answer to
[Bir, Appendix. Research Problems 17]. Our motivation was to understand to what
extent the Burau representation is close to being faithful, and when faithfulness
property breaks down. This not only helps to attack the faithfulness problem of
the 4-strand Burau representation, but also provides new insights for the image
and the kernel of the Burau representation for arbitrary braid index, even for the
simplest case n = 3 (see Corollary 6.11 below).

The classical Garside structure consists in a lattice structure together with a
special element A satisfying some properties initially discovered by Garside in [Ga].
A crucial output of this structure is the classical (left) normal form of a braid z,
which is a unique decomposition of the form

Nc(z) = APsy -+ s,

in which the factors belong to the set of the so-called simple elements. The classical
supremum and infimum of x are defined by sup.(xz) = p + r and inf.(z) = p,
respectively. The classical canonical length of x is defined by ¢.(x) = r; the classical
Garside length l.(x) is the length of x with respect to the simple elements. The
latter satisfies l.(z) = max(sup.(z),0) — min(inf.(z), 0).

Slightly different but very close in spirit is the dual Garside structure (or BKL
structure) discovered by Birman, Ko and Lee [BKL] which leads to the dual (left)
normal form of a braid x:

Nd(.’l'}) = (5pd1 N 'dr
where the factors belong to the set of the so-called dual simple elements. The dual
supremum, infimum and canonical length of a braid x are defined similarly and
denoted by supy(x), infy(z) and £4(z) respectively. The dual Garside length lq(x)
is the length of z with respect to the dual simple elements; it satisfies l4(z) =
max(supy(z),0) — min(inf4(z),0). See Section 2 for more details on both classical
and dual Garside structures of the braid group.

Our first main result provides a non-vanishing criterion for the Burau represen-
tation p4 using the classical Garside structure.

Theorem 3.4. If the classical left normal form of a 4-braid x does not contain a
factor (o20103) then py(z) # 1.

In the dual framework, we obtain more general and strong connections. For a
non-zero Laurent polynomial A in the variable ¢, let us denote by m(A) and M(A)
the minimal and maximal degrees of the variable, respectively. As a convention, we
define m(0) = +o0 and M (0) = —co.

For a matrix A = (A;;) € GL (n —1,Z[q*']), we set

m(A) = min{m(A;;),1 <4,j5 <n—1}, and M(A) = max{M(A;j,1 <i,j <n-—1}.

In Section 6 we will introduce the notion of simply-nested braid; roughly speak-
ing, simply-nestedness is a local condition on the factors of the dual left normal
form of a braid. We will show that the Burau representation completely determines
the normal form of simply-nested braids.

Theorem 6.1. Let x € B,, be a simply-nested braid.
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(i) supy(x) = M (pn(z)).
(ii) Ome can compute the dual normal form of x from the matrix p,(x), so the
restriction of the Burau representation on the set of simply-nested braids
B3 is injective.
This provides several consequences for faithfulness questions in general. First of
all, it follows that the Burau matrix of a 3-strand braid completely determines its
dual normal form.

Corollary 6.11. Let x € Bs. Then

(i) supg(z) = M(ps(z)),
(i) infq(z) = m(ps(z)).
(iii) One can compute the dual normal form of  from the matrix ps(z).

For the 4-strand braid group, we will see:

Corollary 6.12. Let © € By and Ny4(x) = 0Pd;y ---d,. Assume that for all i =
1,...,7—1, (d;,di+1) is not in the following list:

{ (a172a374,a274), (a1,2a3,4,(l3,4a2,3),(a1,2a3,4701,2(l1,4), }
(az,3a1,4,a1,3), (a2,301,4, 01,302,3), (a2,301,4, a1,301,4)
Then
(i) supy(z) = M(pa(z)),
(ii) one can compute the dual normal form of z from the matrix ps(x).
In particular, if the dual left normal form of a 4-braid x does not contain a factor
(a1,2a3.4) or (az3ai4) then py(B) # 1.
Finally we give Garside-theoretical constraints for braids of arbitrary braid index
to belong to the kernel of the Burau representation. Let e : B, — Z be the
abelianization map.

Corollary 6.13. Let = € B,, be a non-trivial braid and Ny4(z) = 6Pd; ---d,.. If
there exists r’ < r such that

(i) The subword x,» = §Pd; - - - d, is simply-nested,

(ii) v > e(dpry1 -+ dy),
then p,(z) # 1.

Thus, we conclude that if a braid x is sufficiently close to simply nested braids,
then its Burau matrix is never trivial.

Now we explain the organization of the paper. In section 2 we recall Garside
theoretical no(ta)tions to be used later. Section 3 shows Theorem 3.4. Sections 4-6
are devoted to the proof of Theorem 6.1. This can be sketched as follows. First
we recall from [IW] the wall-crossing labeling of the curve diagram of a braid and
how it is related to the dual Garside normal form (Section 4). Section 5 reviews a
homological interpretation of the reduced Burau representation; in this context we
show how the Burau matrix is related to the wall-crossing labeling. Wall-crossing
labeling therefore serves as a bridge between Burau representation and the dual
Garside structure. Finally, Section 6 introduces the notion of simply-nestedness
and proves Theorem 6.1 and its above mentioned corollaries.
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2. REMINDERS ON THE (GARSIDE STRUCTURES OF BRAID GROUPS

Let D? be the closed disk in C with diameter the real segment [0,n + 1] and D,,
be the n-times punctured disk: D,, = D? — {1,...,n}. We denote the ith puncture
point i € C by p; and put pg = 0 € C. As is well-known, the braid group B,
is identified with the mapping class group of D,, (with boundary fixed pointwise).
We identify the standard Artin generator o; (i = 1,...,n — 1) with the left-handed
(that is, clockwise) half Dehn twist along the real segment [i,7 + 1]. Throughout
the paper we will consider braids acting on the right. Consequently we will use the
notation (V)z for the action of a braid x on some arc or set of arcs V in D,,.

For 1 < i # j < n, we denote by a;; (or a;; indifferently) the isotopy class of
the left-handed half Dehn twist along an arc connecting the punctures p; and p;
through the lower part of the disk {z € D? |Im z < 0}. Using the Artin generators,
a;; (i < j) can be written as

aij = (0j_204103) ' ojo1(0j_a - 0i10%).

2.1. The classical Garside structure. Let B;} be the monoid of positive braids,
i.e. those braids which can be expressed as words on the letters o; with only positive
exponents. Since the works of Garside [Ga], Adyan [Ad], Thurston [ECHLPT], and
ElRifai and Morton [EM], it is well-known that the monoid B, induces a lattice
order <. on B, called the prefix order, through the relation x <. y if and only if
" lye BF

y€ BT,

The positive left-divisors (with respect to <) of the half-twist of all strands

A= (0102 : "Gn—l) t (0102)(01)

are finitely many and generate the group B,,. These are called simple elements (or
positive permutation braids, because they are in one-to-one correspondence with
the symmetric group on n objects). Simple elements have been extensively studied
in [EM], where a nice geometric description of them is given: a positive braid x is
a simple element if and only if each pair of strands in z has at most one crossing.
The pair (B;",A) is generally called the classical (usual) Garside structure of the
braid group.

An ordered pair of two simple elements (s, s) is said to be left-weighted if A A
(ss') = s, where A denotes the greatest common divisor with respect to the lattice
ordering <.

Proposition-Definition 2.1. [Ad, EM] Let € B,,. There exists a unique de-
composition of x of the form

Nc(z) = APsq -+ sy,

where p € Z and sq,...,s, are simple elements with s; # A,s, # 1 such that
(provided r = 2) for each 7 = 1,...,r — 1, the pair (s;,s;11) is left-weighted. We
call N.(z) the classical (left) normal form of .

The notion of left-weightedness for the usual Garside structure is understood as
follows. The starting set and the finishing set of a simple element s are defined by

S(s)={ie{l,....n—1}|o;'se B},

F(s)={ie{l,...,n—1}|so; ' € B},
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respectively. In terms of crossings of braid diagrams, i € S(x) (i € F(z), respec-
tively) if and only if the strands numbered ¢ and ¢ + 1 at the beginning of x (at the
end of z, respectively) do cross in z.

Proposition 2.2. [EM] An ordered pair of two simple elements (s,s’) is left-
weighted if and only if S(s") < F(s).

Thus, in terms of crossings the left-weightedness condition says that no crossing
o from s’ can be moved to s in such a way that so is still simple.

2.2. The dual Garside structure. Let B * be the monoid of dual positive braids,
generated by positive powers of all elements in the family {a; ;}1<i<j<n and 6 =
Op—1- - 09071 be the braid corresponding to the clockwise rotation of all strands by
one notch.

Birman, Ko and Lee [BKL| showed that (B;'*,d) is another Garside structure
for the braid group. In particular the monoid B * induces a lattice order on B,,
which we denote by <4 (z <4 y & 7'y € B;*) and the dual positive divisors
of § (with respect to <4) form a finite generating set called the set of dual simple
elements. The pair (B;I*,0) is called the dual Garside structure of the braid group.

The notion of left-weightedness is defined in the same way as in the classical case:
an ordered pair of dual simple elements (d, d’) is left-weighted if 6 A4 (dd’) = d, here
Ad is the greatest common divisor with respect to <4. Then we have, analogous to
the classical left normal form, the dual left normal form.

Proposition-Definition 2.3. [BKL] Let « € B,,. There exists a unique decompo-
sition of x of the form

Ny(z) = 6%dy - - - d,,
where p € Z and d, ..., d, are dual simple elements with d; # 0, d, # 1 such that
(provided r > 2) for each i = 1,...,7 — 1, the pair (d;,d;11) is left-weighted. We
call Ny(z) the dual (left) normal form of x.

The dual simple elements can be more easily described and studied viewing them
as mapping classes of the punctured disk D,,. To this end we isotope the latter to
the following model:

{zeC,lz| <2} — {py =V 1FI20 i — 1 n)s

we denote by T' the circle |z| = 1 along which the punctures are placed. For
simplicity the ith puncture will be denoted by ¢ instead of p;. The generator a; ; is
then a clockwise (left-handed) half Dehn twist along the chord segment connecting
the punctures 7 and j.

Let us now describe the set of dual simple elements. For r = 2,...,n, take r
punctures i1, ...,%, in this order when running along I' clockwise from i to 4,. All
braid words obtained as a concatenation of r — 1 consecutive letters taken from the
sequence (@, iy, @i, 1 iy,- - - » Giq,ip) 10 this order, up to cyclic permutation, represent
the same braid P.

Geometrically, as a mapping class of D,,, the braid P corresponds to a clockwise
rotation by one notch of a neighborhood of the convex polygon in ID,, whose vertices
are the punctures i1,...,%,.. Due to this correspondence, we call such a braid P
a (convex) polygon and we will often confuse P with the corresponding convex
polygon in D,,. For example, the dual Garside element § corresponds to the polygon
which is the convex hull of all punctures. Notice that when r = 2, the polygon is
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degenerated and corresponds to a single letter a;, ;, (a single half Dehn twist about
the chord segment joining the two punctures). Two polygons which are disjoint
commute; their respective actions on the disk are totally independent from each
other. Any dual simple element can be written in a unique manner as a product of
disjoint polygons (up to permutation of the factors) [BKL].

For i,j € {1,...,n}, let (4,5) be the subarc of the circle I' = {z € C| |z] = 1}
described by the move of the puncture i clockwise along I' until the position j.
Then the notion of left-weightedness in the dual context can be described as follows.
Let a; ; and ap; be two generators. We say that ap; obstructs a; ; and we write
agy - a;; if ke (j,i—1) and [ € (i,j — 1) (recall that we simply write ¢ to mean
the ith puncture p;). The relation - is not symmetric: ay; - a;; does not imply
Q5 = agl-

Proposition 2.4. [BKL] Let d = P;--- P, and d' = @1 --Q, be dual simple
elements expressed as products of disjoint polygons. Then the pair (d,d’) is left-

weighted if and only if for any two vertices i and j of a polygon among Q1, ..., Q,,
there exists a polygon among Pi,..., P, having two vertices £ and [ such that
g, = a; .

3. BURAU REPRESENTATION AND THE CLASSICAL (GARSIDE STRUCTURE OF By

This section originated in trying to exploit a result by Lee and Song which can
be stated as follows:

Theorem 3.1. [LS] If non-trivial, the kernel of the Burau representation py is a
pseudo-Anosov subgroup of Bjy.

Pseudo-Anosov braids are mapping classes of the punctured disk D,, represented
by pseudo-Anosov homeomorphisms: those which are neither a root of the full twist
A?, nor permute a family of disjoint isotopy classes of simple closed curves in D,

An important result relating pseudo-Anosov braids and Garside theory asserts
that any pseudo-Anosov braid admits a power which is conjugate to a rigid braid
[BGGM], meaning that it is cyclically left-weighted: the ordered pair formed by
the last and the first factor is left-weighted. Moreover, up to taking further power
we may assume this rigid braid to have even infimum.

Observe now that the Burau matrix ps(A?) is the homothety of ratio g*: ps(A2%) =
q*I3. Tt follows that the Burau representation p4 is not faithful if and only if there
exists a rigid pseudo-Anosov positive braid with infimum 0 whose Burau matrix is
an homothety of ratio ¢*? for some positive integer p. This motivates to explore
some conditions under which the Burau matrix is not an homothety.

Let x € By. For ¢ = 1,2,3 we define M,(x) = max{M (ps(z);;),1 < j < 3},
in words the maximal degree of the variable ¢ among the Laurent polynomials
apparing in the ith row of the reduced Burau matrix of x.

We recall the following computations (see Section 5):

—q 0 O 1 g O 1 0 O
pa(or) = 1 1 0];ps(o2) =0 —q O];pa(o3)=10 1 ¢
0 0 1 0 1 1 0 0 —gq

Lemma 3.2. Let « € By. Suppose z has infimum 0 and N.(z) = s1 - s,, with
r = 2. Suppose that for all i = 1,...,r, s; # 020103. Denote simply by M; the
integer M;(x). Then we have the following:



A GARSIDE-THEORETIC ANALYSIS OF THE BURAU REPRESENTATIONS 7

o If S(s1) = {1} then M; > My and M; > M3 + 1,

o if S(Sl) = {2} then M2 = M1 and M2 > Mg,

o if S(Sl) = {3} then M3 = M1 and Mg = MQ,

o if S(s1) = {1,2} then either My > My and M; > M3 + 1, or My > M; and
My > Mg,

o if S(Sl) = {273} then either M2 = M1 and MQ > ]\437 or M3 = M1 and
M; = My,

e if S(s1) = {1,3} then either M; > My and M; > Ms, or M3 > M; and
M3z = M.

Moreover, the following inequality holds: sup.(z) < M(p4(z)) < 3sup.(z).

Proof of Lemma 3.2. The proof is by induction on 7. A direct calculation shows
that all conclusions are correct for the case r = 2. Here we remark that in the case
r=1and s; = o1 (S(s1) = {1}), the conclusion does not hold since M;j(oy) =
Ms (0'1) + 1.

Suppose now r > 2. Write x = s12’; by induction 2z’ satisfies the conclusions of
the lemma. We now distinguish 6 cases, according to the possible values of S(s1).
In each case, there are several possibilities for s;. Each of them leads to conditions
on the starting set of so, the first factor of z’, because of the left-weightedness
condition on the pair (s1,s2). By induction hypothesis this gives relations between
the integers M/ := M;(z’). In each case, using the explicit computation of ps(s1),
we express the integers M; = M;(s12’) in terms of the M/ and show that they
satisfy the expected relations. In each case, the computations to be performed
show that M (ps(2')) +1 < M(pa(s12')) < M(psa(x’)) + 3; this shows the last claim
in the lemma.

We present the cases S(s1) = {2} and S(s1) = {1, 3}; this will have the advantage
to show the failure in the argument when a factor o90103 appears. Other cases are
proven similarly.

Case S(s1) = {2}. The simple element s; is one of the following: o2, oq071,
0903, 09010303 Or 020103. We treat two examples; again the three others are dealt
with similarly.

Suppose s; = 02. Then F(s1) = {2} and by left-weightedness S(s2) = {2}. By
induction, we have M4} > M and M} > Mj. Multiplying p4(z’) on the left by

1 g 0
pa(o2) = [0 —¢ 0], the new degrees M; in the product satisfy My = MJ + 1,
0o 1 1

My = M} + 1 and M3y = M) Therefore we have My = M; and My > Mj, thus
satisfying the expected conditions when S(s1) = {2}.

Suppose s; = g90103. Then F(s1) = {1,3} and by left-weightedness, S(s3) =
{1},{3} or {1,3}. By induction M4 > M{, M} or My > My, M3 (with possibly

0 q¢ ¢
M; > M3 +1). Computing ps(o20103) = | —¢ —q —q° | we get in the first case
1 1 0

My = M4+ 2, My = Mj + 2 and M3 < max(M], M}) < Mj; whence My > M
and My > Mj. In the second case, unless the strongest inequality M; > M4 + 1
holds, there is no reason why a cancellation could not yield M3 > Ms. Therefore
the desired conclusion (My > Ms3) possibly does not hold and we see that the
argument fails when o90703 is a factor of z.

Case S(Sl) = {].7 3}. Then S1 is 0103,010302, 01030201, 01030203 Or 0103020103.
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—q 0 O
Suppose s1 = g103. We compute ps(o103) = | 1 1 ¢ |.By left-weightedness,
0 0 —¢q

we have S(s2) < {1, 3} and therefore by induction the M/ satisfy M, > M}, M} or
M4 = M{, M. In the first case x = o103z’ satisfies My = M| + 1, My < M] and
Ms = M} + 1: we have, as expected, M7 > My, M3. In the second case, we have
M1 = M{ + 17M2 = Mé + 1,M3 = Mé + 1 whence M3 = Ml,MQ.

Suppose s; = g10303. Then we have to check the product of the matrix p4(c10302) =

—q —¢ 0

1 q q | by pa(z'), where the M/ satisfy by induction M4 > M and

0 —-qg —¢
M} > Mj. This gives My = M)+ 2, My = M} + 1 and Ms = M} + 1 whence
M, > MQ, Ms.

0 —¢> 0
Suppose s1 = 01030201. Compute py(c10302071) = 0 q q |. On the
-9 —9 —dq

other hand we have by induction one of the following set of conditions on z’: Mj >
M and M| > M} +1; or M5 > M; and M} > Mj. In the first case we obtain
My = M5+ 2, My < max(M5 +1, M5 +1) and M3 = M + 1 whence M3 > M; and
M3 > M. In the second case we get My = M§+2, My = M)+ 1 and M3z < Mj+1
whence My > Moy, M3.

-q —¢ ¢
Suppose s1 = g1030203. Compute py(ci030203) = | 1 q 0 |. By in-
0 —q 0

duction hypothesis, as S(S2) € F(s1) = {2, 3}, we have M} > M| and M} > M}, or
M3 = M7, M. In the first case:

[ lfMé >M§+1thenM1 =Mé+2, M2 =M§+1 =M3 WhenceM1 >
M27M37

o if M} = M4+ 1 then My < Mj+ 2 and My = M) + 1 = M3 whence we get
My > My, M3 if M, =M£+2and M3 = My, My if M, <Mé+2

In the second case we obtain My = M4 +3, My < M} +1 and M3 = M} + 1 whence
M1 > Mg, M3.

0 —¢ —¢
Suppose s; = 0103020103. The reduced Burau matrixof s;is | 0 q 0
-¢ —q 0

On the other hand F(s1) = {1,3} whence by induction z’ satisfies: M| > M}, M}
or M5 = Mj, M. In the first case we get M7 < max (M5 +2, M5+3), My = Mj+1,
Ms = M{ + 1. This implies M3 > My, M5 provided M] > M4 + 1 holds. If on the
contrary M; = M} + 1 we can say more about M; (actually there will be no can-
cellation there) because the inequality M] > M} then implies M3+ 1 > M whence
M, = M} + 3. This finally shows M; > My, M3. In the second case we obtain
My = Mi+3, My = Mj+1 and M3 < max(Mj +1, M} + 1) whence My > My, M5.

([l

Example 3.3. We show that the conclusion for S(s1) = {2} in Lemma 3.2 does
not necessarily hold if s; = 090103. Indeed, let x = 090103 - 010309071 - 010201073 -
0103 + 0102 - 0. This braid has infimum 0 and is in normal form as written; the
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degrees of the entries of its Burau matrix are indicated in the following matrix:
5 8 7
6 7 7}
5 7 2

Lemma 3.2 leads to the following non-vanishing criterion for the reduced Burau
representation of 4-braids.

Theorem 3.4. If the classical left normal form of a 4-braid x does not contain a
factor (o20103) then py(x) # 1.

Proof. Let Nc.(x) = APsy ---s,.. It is easy to check that if » < 2, then py(x) # 1 so
we may assume 7 > 2.
First we observe that

0 0 —¢
pa(A)=10 —¢ 0
—q 0 0

hence My (Ax) = M3(x) + 3, Ma(Ax) = Ma(z) + 2 and M3(Az) = M;(z) + 1.

Assume that S(s1) # {1,3}. If p is even, then by conjugating by A if necessary,
we may assume that S(s1) = {1}, {2}, or {1,2}. By Lemma 3.2, ps(s1---$,) is not
an homothety hence ps(APsy - --s,) # 1. If p is odd, we may assume similarly that
S(s1) = {2},{3}, or {2,3} hence by Lemma 3.2, Ms(sy---s,) = Mi(s1---8;) or
Ms(s1-++8p) = Mi(s1---8,). On the other hand, ps(z) = 1 implies

Ms(sy---8:)+2=M(s1---8)+1=Mi(s1-8;),

which is a contradiction.

Now we consider the case S(s1) = {1, 3}. Assume for a contradiction that ps(x) =
1. This implies in particular M;(yzy’) = M;(yy’) for any 4-braids y and y’. We
deduce a contradiction by finding appropriate braids y and y'.

Case 1: s; = o103. If pis even, put y = Aogsoi0302: Nc((Aoyoio309)x) =
APF2g, ... 5,.. By direct calculation and under our hypothesis that ps(x) = Id,

3
—q°> 0 0
,04(Ap+252 e Sr) = P4(A02010302) = q3 q4 (]4
0 0 —¢

It follows that Ma(sa...s.) = My(sg...s.) +1 = Ms(sy...s,) + 1; contradicting
Lemma 3.2 applied with S(s3) < {1,3} (which implies in particular My < M or
My < Ms).

If p is odd, choose y = 09010302: Nc((02010302)x) = APTlsy ... 5,.. By direct
calculation

0 0 ¢
p4(Ap+152 : "Sr) = ,04(02010302) =19 —q2 —q2
1 0 0

Hence, My (s2---8) = Ma(s1-+8,) = M3(s2---s,) + 2, contradicting Lemma 3.2
applied with S(s2) < {1, 3}.

Case 2: §1 = 010302, Or 01030203071.

Suppose first that 2 € F(s,.); then put ¢’ = o9 if p is even and ' = Aos if p is
odd. Then

APgy -+ 8,.(09) if p iseven

Ne(ay) =
(zy) {AP+1(A151A)o~~(A15TA)02 it p is odd
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Observe that S(A~1s;A) = {1,3}. Now because of Lemma 3.2 we must have in
either case Ma(xy') < Mi(zy') or My(zy’') < Ms(xy'). But on the other hand the
calculations of p4(02) already given as well as

0 —¢ —¢
pa(Aor) = 0 ¢ 0
—-q —¢ 0

yield the expected contradiction.
Assume then that 2 ¢ F(s,). Conjugating by A if necessary, we may assume
1 € F(s,) (and s; is unchanged). Then N (o] 'zo1) = APs)...s.01, where s} =
(A=Po  AP)~1s; satisfies F(s}) = F(s;). But as we have already seen o] 'zo;
cannot be sent by p4 to the identity matrix because S(s}) is not {1, 3}.
Case 3: s; = 010302071, Or 01030203.
If 2 € F(s,) then the same argument as Case 2 applies. Otherwise, conjugating
by A if necessary, we may assume 1 € F(s,.).
(i) If p is odd and s; = 010302071, then consider ol_lxol.
(ii) If p is even and s; = 01030207, then consider oazoi0s.
(iii) If p is odd and s1 = 01030203, then consider oo Azoos.
(iv) If p is even and s; = 01030203, then consider al_lxal.

In any case, from Lemma 3.2 we obtain a contradiction. For example, in the case

P - -
(iii) we have ps(02Axci09) = ps(Aoeoios) = | ¢3 0 0 |. On the other
0 ¢ 0

hand, the normal form of oo Az 09 is N.(02Ax0103) = AP (0901030203)s2 - - - 8,.(0102).
This contradicts Lemma 3.2, since S(o301030203) = {1, 2}
U

4. CURVE DIAGRAMS, THE WALL-CROSSING LABELING AND DUAL GARSIDE
LENGTH

In this section we review a connection between curve diagrams of braids and the
dual Garside structure, which was developed in [IW]. Here we will prove a slightly
stronger result which explains how to read the dual normal form of a braid = from
its curve diagram.

4.1. Curve diagrams. Let E (resp. E) be the oriented arc in D,, consisting of
the real line segment between p; and p,, (resp. po and p,). Both line segments F
and FE are oriented from left to right. For i = 0,...,n— 1, we denote by E; the line
segment of F connecting p; and p; ;1. See Figure 1 (a); as a convention, the initial
segment Fj is depicted as dashed line.

For i = 1,...,n, let W; be the vertical line segment in D,,, oriented upwards,
which connects the puncture p; and the boundary of D, in the upper half-disk
{z€D?|Imz > 0}. The lines W; are called the walls, and their union | J, W; is
denoted W. Let U; be a disk-neighborhood of the puncture p; and set U = | J, U;.
See Figure 1 (b), (c).

The (total) curve diagram of a braid z is the respective image of E (or E) under
a diffeomorphism ¢ representing x which satisfies:

(1) (E)¢ coincides with the real line on U,
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FiGURE 1. Curve diagram and walls

(2) (E)¢ is transverse to W and the number of intersections of (E)¢ with W
is as small as possible (which is equivalent to saying that (E)¢ and W do
not bound together any bigon [FGRRW]).

The (total) curve diagram is uniquely defined up to isotopy of D, that fixes dD,,.
We denote by D, (D, respectively) the (total) curve diagram of a braid z. Figure 1
(c) shows the (total) curve diagram of the braid oy € By; according to our previous
convention, dashed line represents the image of the initial segment Ej.

An arc segment (or simply an arc) of the (total) curve diagram D, (or D,) is
a connected component of D, — (W u U) (or D, — (W u U)). Notice that an arc
segment of D, is in one of the three following cases:

e it connects two walls W; and Wy,

e it connects a wall IW; and a puncture p; (more precisely the neighborhood
Uj),

e it connects two punctures p; and p; (more precisely the neighborhoods U;
and U])

In all cases, i # j by construction of the curve diagram. We denote such an arc

segment, in either case, by (ij). Unless explicitly specified, we will not care about
the orientation of an arc segment; this is reflected in our notation.

4.2. Wall-crossing labeling and dual normal form. We now describe the wall-
crossing labeling. To that purpose, we need to introduce a modified version of the
curve diagrams.

Let x € B,,. Around each puncture p; distinct from the image of p,, under x, we
modify the total curve diagram D, inside the neighborhood U; as shown in Figure
2 (a). We denote the resulting (total) curve diagram by M D, (MD,,), and call it
the (total) modified curve diagram of x. Figure 2 (b) shows the (total) modified
curve diagram of o1 € By.

Take a smooth parametrization of MD,, viewed as the image of a function
7: [0,1] — D2. For each connected component a of M D, — (W uU), we assign the
algebraic intersection number of W and the arc ([0, v]), where v € [0, 1] is taken
so that v(v) € «. Notice that a connected component of M D, — (W u U) naturally
corresponds to an arc segment of D, since M D, and D, are identical except on
U. This allows to attribute a label to each arc segment of D,; this integer-valued
labeling is called the wall-crossing labeling of x. We define LWer(x) and SWer(x)
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FI1GURE 2. Modified curve diagrams

as the largest and smallest possible labels occuring in the wall-crossing labeling for
arc segments in the curve diagram D, respectively.

Notice that to define LWcr and SWecr, we used the largest and smallest labels
only of the curve diagram D,, not the total curve diagram D,. However, in order to
determine the wall crossing labelings we need to consider the total curve diagram.

The following relates the wall-crossing labeling with the dual length of a braid:

Theorem 4.1. [IW, Theorem 3.3] For a braid z € B, we have the following
equalities:

(1) supy(z) = LWer(z).

(2) infq(z) = SWer(x).

Here we show a stronger result than Theorem 4.1, which is suggested by and
is implicit in the proof of [IW, Theorem 3.3]: one can read not only supremum,
infimum, but also dual Garside normal form from the curve diagram. Recall from
Section 2.2 the lattice ordering <4 on B,,.

Theorem 4.2. Let x € B, be a braid and put ¢ = LWoecr(x) — SWer(z). For
k=14¢,...,1, we define dj. inductively as follows:

(1) dg is the least common multiple (with respect to <q) of all letters a; ; such
that the curve diagram D, contains an arc segment (27) with wall-crossing
labeling LWer(z).

(2) dj is the least common multiple (with respect to <q) of all letters a; ;

such that the curve diagram D_,-1 ;-1 contains an arc segment (ij) with
by k+1
wall-crossing labeling (k + SWer(z)).

Then the dual normal form of x is given by
Ng(z) = 8SWer@d, . d,.

Before proving Theorem 4.2, we review from [IW] the description of how the
action of a dual simple element affects the curve diagram of a braid and its wall-
crossing labeling. This was the key of the proof of Theorem 4.1.

Dealing with the dual Garside structure, it will be convenient to work with the
model of the punctured disk described in Section 2.2; in that context the wall W; is
the shortest straight segment connecting the puncture p; to the boundary, oriented
outwards. Notice that the isotopy involved in the change of model for the punctured
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disk does not affect the wall-crossing labeling since the latter is defined in terms of
algebraic intersection of arcs and walls.

Let © € B,; let d be a dual simple element. Write d = P; - - - P, the decomposition
of d into a product of disjoint polygons. For i = 1,...,r, let N; be a regular
neighborhood of the polygon P; in D,. Let A; be an annulus which is a regular
neighborhood of the boundary of N;. Suppose moreover that A; is chosen so that
none of its two boundary components forms a bigon together with the walls W or
the diagram D, and so that as many intersection points of D, and W as possible
lie in A;.

Now D4 and its wall-crossing labeling are obtained as follows. The respective
actions of each of the polygons P; are independent; each of them acts non-trivially
only on the inner complementary component of the corresponding annulus and on
the annulus itself (where the diagram just describes a spiral). For each i =1,... r,
N; is turned by one notch in the clockwise direction and all labels are increased by
one; on the annulus A4;, D.4 and the corresponding labels are interpolated linearly;
see Figure 3. The action of the inverse of a dual simple element can be described
in a very similar way, the twisting on IN; being in the opposite direction, and all
labels being decreased by one.

F1GURE 3. How to draw the curve diagram of xd from D,

Proof of Theorem 4.2. We prove the theorem by induction on ¢ = ¢(x) = LWer(z)—
SWoer(z). The case £ = 0 follows from Theorem 4.1. Suppose that ¢ > 1.

In [IW, Lemma 3.5], it is seen that if £ > 1, then LWer(xd, ') = LWer(z) — 1 and
SWer(zd, ') = SWer(x), hence right multiplication by d; * decreases £. Therefore
it remains to show that (ds—1,dy) is left-weighted.

We check the left-weightedness using Proposition 2.4. Write the dual simple
elements dy and dy_1 as products of disjoint polygons: dy—1 = P, --- Py, , and dy =
Q1 - Qy,, respectively. Let i, j be two vertices of some polygon Q € {Q1,...,Q,}.
We must show that there exists a polygon P € {Pi, ..., P,,_,} having vertices &,
such that ay; ~ a;;. By definition of dy—q, it is sufficient to show that Dxde—l

—

admits an arc segment (kl) with label LWer(z) — 1 and such that aj; - a; ;.
Assume first that the diagram D, admits an arc segment (i5) with label LWer(x).
Then according to the description above of the action of the inverse of a polygon,
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—

the diagram D i admits an arc segment (kl) with label LWer(xz) — 1 such that

ke (j,i—1)and € (i,j—1), as desired. Moreover, we notice that if gi,; and h; ; are
the rightmost vertex of @ in (j,i—1) and (i, j — 1) respectively, then k € (g; j,i—1)
and [ € (h; ;,j —1). See Figure 4 (a).

Assume now that D, does not have an arc segment (ij) with label LWcr(z). Since
both 7 and j are vertices of (), by definition of ) there must exist arc segments
(/z'_b\), (]/?) of D, with label LWer(z), for some punctures b, c ¢ {7, j}, possibly b = c.

Suppose that such a puncture b can be chosen so that ay;a; ; is a dual simple
braid. This means that b € (¢ +1,5 - 1). But we have just seen that the action of

Q! produces an arc segment (kl) labeled by LWcr(x) — 1 in the diagram Dmdﬁ—l,
such that k € (4,7 — 1) (because the rightmost vertex of @ in the arc (b+ 1,i — 1)
certainly lies in the subarc (j,i — 1)) and [ € (i,b — 1) < (¢,j5 — 1)). Similarly, if ¢
can be chosen so that a. ;ja; ; is a dual simple braid, we get a pair of punctures &, [
with the expected property. See Figure 4 (b).

!
Lok
(a) (b)

FIGURE 4. Proof of Theorem 4.2; all arc segments represented are
labeled LWecr(z), crosses indicate vertices of the polygon Q.

—_

Finally, suppose that no arc segment (bi) nor (jc) with labeling LWer(z) of D,
has the above property. Then be (j+1,i —1), ce (i + 1,7 —1) and b # ¢. Among
all b so that D, admits an arc (/b_zj labeled LWocr(z), let by be the leftmost one.
Similarly, among all ¢ so that D, admits an arc (]/?) labeled LWer(z), let ¢ be
the leftmost one. The punctures i, j, by and ¢y are all distinct and vertices of the
polygon Q. By definition of dy, there must exist an arc segment (h/72\) in D, with
labeling LWer(x) such that f1 € (§ + 1,by), f2 € (i + 1, ¢p); the punctures fi, fo are

g

also vertices of ). But then D_ d admits an arc (kl) labeled LWer(z) — 1 with
ke (j,fi—1) and [ € (i, fo — 1), thus with the required property. See Figure 4 (c).
This completes the proof of Theorem 4.2. |

5. BURAU REPRESENTATION

In this section we review a homological construction of the Burau representation;
this interpretation is used to relate the latter with the wall-crossing labeling.

5.1. The Burau representation. Fix the base point * = pg € dD,, on the bound-
ary of D,. The fundamental group m(D,,) is a free group of rank n where the
free generator x; is represented by a loop which rounds the ith puncture p; once
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clockwise. Let € : m(D,) — Z = {¢) be the homomorphism which sends all z;
to the generator q. Geometrically, for a loop 7, €([]) is the sum of the algebraic
winding number of v about the puncture points {p;} (in the clockwise direction).

Let 7 : ﬁ;L — D, be the infinite cyclic covering corresponding to Ker(¢), and fix
a lift * of the base point. The group of covering transformations of ]ﬁ; is identified
with the cyclic group (q). Then Hy(D,;Z) can be endowed with a structure of
Z|q, ¢~ ']-module, where multiplication by ¢ corresponds to the deck transformation.
Moreover it turns out that Hl(ﬁl; 7) is free of rank (n — 1) as a Z[q, ¢~ ']-module.
Since € is By-invariant, we have a linear representation

p: B, — GL(H,(D,;Z)).

This is called the (reduced) Burau representation. In the rest of this section, we keep

the same notation e, ]If)zt and ¥ for the above defined winding number evaluation
morphism, covering space of ID,, and base point.

5.2. Forks. Let Y be the Y-shaped graph consisting of three external vertices: a
distinguished one r, two others v; and vy and one internal vertex ¢ and three edges
relating each external vertex to the internal one (see Figure 5 (a)). We orient the
edges of Y as shown in Figure 5 (a).

A fork is an embedded image of Y into D,, such that:

e All points of Y — {r, vy, v2} are mapped to the interior of D,,.

e The distinguished vertex r is mapped to the base point .

e The other two external vertices v; and vy are mapped to two different
puncture points.

Given a fork F, the image of the edge [r,c] is called the handle of F' and the
image of [v1,v2] = [v1,¢] U [¢,v2], regarded as a single oriented arc, is called the
tine of F' and denoted by T(F). The image of ¢ is called the branch point of F.
Figure 5 (b) shows a fork F' (with the handle depicted in black line and the tine in
grey bold line).

(a) (b)

V1 Vo

P1 Pi Pi+1 Pn

FiGURE 5. Fork and standard fork Fj

For a fork F, let v: [0,1] — D, be the handle of F, viewed as a path in D,, and
take a lift N
7: [0,1] = Dy,

of v so that ¥(0) = %. Let X(F) be the connected component of 7= 1(T(F)) that

contains the point Y(1). The homology class of Hy (ﬁ;, Z) represented by F is then

defined as the homology class represented by X(F'). By abuse of notation, we still

denote this homology class by F'. Strictly speaking, since X(F’) is not compact we
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need to work with the homology of locally finite chains Hif (]ﬁ;, Z) or Hy (ﬁ;, P; Z),
where P is the preimage of a small neighborhood of the punctures in D,,. Rigorous
treatments are well-known and give rise to the same conclusions (see [Bi3], for
example), so we do not take care of these subtle points.

Of special importance is the following family of particularly simple forks: for
i =1,...,n—1, let F; be the fork whose tine is a straight arc connecting the
ith and the (i + 1)st punctures and whose handle is contained in the lower half
of the disk I, (see Figure 5 (c)). These are called standard forks. Standard forks
Fy, ..., F,_ form a basis of H; (]I/):l, Z). The group GL(H; (ﬁ;, 7)) can be identified
with GL(n — 1;Z[q, ¢~ !]) using the basis of standard forks. This allows to get the
familiar matrix description of the reduced Burau representation:

—q 0 1 ¢
pn(Ul) = < 1 1 ) @In—i’n pn(an—l) = n—3® ( 0 —q ) 5
1 ¢qg 0
pn(oi) =Lio®| 0 —q 0 |@®L—i—2, (i=2,...,n—2)
0O 1 1

5.3. The noodle-fork pairing. A noodle is an embedded oriented arc in ID,, which
begins at the base point * and ends at some point of the boundary JD,,. Noodles
represent relative homology classes in Hy (ﬁ;, 6]15;; 7).

The noodle-fork pairing (in our notation, it should say fork-noodle pairing) is a
homology intersection (algebraic intersection) pairing

(, 5 Hi(Dp; Z) x Hy(Dy,dD,; Z) — Z[g, ¢ .

Geometrically, it is computed in the following way (see [Bi3] Section 4).

Given a fork F' and a noodle N, put T(F) and N transverse with minimal
intersections. Let z1,..., 2, be the intersection points. Each intersection point z;
then contributes a monomial €;¢% to (F, N), where ¢; is the sign of the intersection
between T'(F) and N at z; and e; is an integer. The noodle-fork pairing is then
given by

(F,Ny= Y, eqeZlgq "]
1<i<gr

The integer e; is computed as follows. Let +; be the loop which is the composition
of three paths A, B and C in D,,:

e A is a path from * to the branch point of F' along the handle of F'.
e B is a path from the branch point of F to z; along the tine T'(F).
e (C'is a path from z; to = along the noodle N.

Then e; = €([y;]): that is, e; is the sum of the winding numbers of the loop ~;
about the puncture points p1, ..., py.

As for forks, we define a distinguished family of noodles: fori =1,...,n—1, the
standard noodle N; is the noodle which has empty intersection with the walls and
ends at some boundary point between W; and W;,;. Given a braid x, the entries
of its Burau matrix can be computed using the noodle-fork pairing in a fairly direct
manner.

Lemma 5.1 (Burau Matrix formula). Let € B,,. Then for 1 <4, j < n, the entry
pn(x)i; of its Burau matrix is given by p,(x);; = {(F;)z, N;).
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Proof. By definition, (F})x = ZZ;% Frpn(z)ix € Hy (}]/)3;, Z),hencefori,je {1,...,n—
1} we have
n—1

{(F)a,Njy = Y {Fi, Njypn(@)ik
k=1
It is directly checked that (Fy, N;) = d; (Kronecker’s delta) hence

{(Fi)x, Nj) = pp(x)ij-
O

Example 5.2. As an example of application of Lemma 5.1, we can retrieve the
Burau matrices associated to Artin generators o;. First, we notice that for k =
L...,n—=1,i# k—1,k,k+1, (Fi)or = F;, so that ((F;)or, N;) = J; ;. For the
remaining values of 4, Figure 6 shows the images (F;)oy.

- i
U
k—1 k i
° ° AN HC I °
(k#1) R ) /N
NN / "
Fr_ ‘\Zf’f
k k+1 Ok ]
N ,’
NN _"Ny
Fy, >
k+1 k+2 N, ;
° ° X ° ;e
1
(k#n—1) W
Fit1 N> ’

\—-__——_7'/ Ny

FIGURE 6. On the left part, forks Fy_1, Fx and Fj,1 and on the
right part, their images under the action of the braid oy; relevant
noodles are depicted in dashed lines.

With the help of Figure 6 we can conclude:

0 ifj<k—1lorj>k, 0 ifj<korj>k+1,
(Fio—1)ok, Nj) = 1 if j=k—1, (Fi41)ow, Nj) = {1 if j =k,
q ifj=k. 1 ifj=k+1.

0 ifj#k,
((Fk)ok, Nj) = 7
—q ifj=k.

Lemma 5.1 then allows to retrieve the matrices given at the end of Section 5.2.

5.4. Noodle-fork pairing and wall-crossing labeling. We finally review a con-
nection between the integers e; in the computation of the noodle-fork pairing and
the wall-crossing labeling. This will yield the expected relation between the Burau
representation and the wall-crossing labeling.

Let x € B,. First we recall how to assign wall-crossing labelings for points
belonging to the image (F;)z of the standard fork F; under z. Let us consider the
part of the curve diagram D, that is the image of E; (the line segment between the
i-th and (¢+1)-st punctures). We identify this part (E;)x of the curve diagram with
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(T'(F;))z and regard the part of the modified curve diagram (Eyu Eyu---U E;_1)x
as the handle of (F;)z. See Figure 7, where we illustrate how to identify the
curve diagram of x = o1 € Bs and the image of the standard fork (Fb)z. This
identification induces the wall crossing labeling on each connected component of
(F;))x — (W v U). For a point z € (F;)x — (W u U) we denote by Wer,(z) the
corresponding label.

N7

FIGURE 7. Viewing a curve diagram as a union of tines of forks,
and viewing initial segments of modified curve diagrams as handles.

Let N be a noodle; we may assume that no intersection point in (T'(F;))z n N
belongs to W u U.

Lemma 5.3. Fix an intersection point z € (T'(F;))x n N. Let ¢(z) be the algebraic
intersection number of W and the path C in the definition of the pairing ((F;)z, N)
(i.e. C is a path from z to = along N). Let e(z) be the degree of ¢ in the z-
contribution to {(F;)z, N). Then

e(z) = Werg(2) + ¢(2)

Proof. Let A and B be the paths in the definition of the pairing {(F;)x, N). Then
Wer(z) is nothing but the algebraic intersection number of W and the composite
path BA. Hence the algebraic intersection number of W and the loop v = CBA is
Wer,(2) + ¢(z), which is, by definition, equal to e(z) = e(7). O

Corollary 5.4. For any braid = € B,,, the following inequality holds:

M(pp(x)) < supy(z).

Proof. For we have, by definition and thanks to Lemma 5.1,
M (pn(w)) = max{M({(Fy)z, N;))}.

For a standard noodle N; and a point z € (T'(F;))x n N, the integer ¢(z) in Lemma
5.3 is always 0 because standard noodles do not intersect with walls. Therefore we
have

max{M(({(Fi)z, N;))} < Wer(z)

and finally, as LWcr(z) = supy(z) (Theorem 4.1) we are done. O
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6. BRAIDS WHOSE BURAU MATRIX DETECTS THE DUAL GARSIDE NORMAL
FORMS

In view of Corollary 5.4, a natural question is to ask when the converse inequality
holds. Theorem 6.1 will give a sufficient condition for the maximal degree appearing
in the Burau matrix of a braid to be equal to its dual supremum. Actually we will
prove more: under the same condition, it is possible to determine the dual normal
form from the Burau matrix.

To state Theorem 6.1 we first introduce the notion of simply-nestedness as a
refinement of the left-weightedness condition (Proposition 2.4), which will allow us
to get a better control on the action of a braid in dual normal form.

Let d, d’ be two dual simple elements, expressed as products of disjoint polygons
d=P)...P.and d = @y ...Q, respectively. We say that the ordered pair (d,d’)
is simply-nested if for any polygon @) among Q1,...,Q,, there exists a unique
polygon P among Py, ..., P. such that for any two vertices i, j of @, the polygon P
has two vertices &, such that ay; - a; ;. A braid x will be said to be simply-nested
if each pair of consecutive factors in its dual normal form is simply-nested.

Let B;" be the set of simply nested n-braids. Although B;" does not form a group,
B:" is a regular language over the alphabet [1,4]. We also remark that B" is not
symmetric: x € BS" does not imply 7! € BS". A simple example is the 4-braid
r = (ag4)(ass). Although z is simply-nested, Ng(z7!) = §72(a12a3.4)(a1,2a1,4)
which is not simply nested.

We now can state our second main result:

Theorem 6.1. Let x € B,, be a simply-nested braid.
(i) supg(z) = M (pn(x)).
(ii) Ome can compute the dual normal form of x from the matrix p,(z), so the
restriction of the Burau representation on the set of simply-nested braids
B3 is injective.

For a braid  and i = 1,...,n — 1 let M, (E;) be the set of the arc segments
of (E;)z whose wall-crossing labeling attains the maximal value LWer(x) (possibly
empty). We say that two arc segments in the curve diagram are parallel if both are

described by (ij) for some i, j. We consider the following property (C) (Coherence
property) for a braid x:

Definition 6.2. Let z € B,, and Ny(z) = 0Pd; - - -d,. Express d, as a product of
disjoint polygons: d, = Q1 ---Qp. We say that = has the property (C) if for each
i=1,...,n—1, any two arc segments a and o’ in M, (E;) intersecting a common
polygon Q € {Q1,...,Q} are parallel and have the same orientation.

Lemma 6.3. If z has the property (C), then supy(z) = M(p,(z)) holds.
Proof. Let Ny(z) = 6Pdy---d,.. Take i so that M (E;) is non-empty. Take the

minimal number k so that there exists an arc segment o = (kp) € M, (E;) for some
p > k. We look at the entry p,(z):; in the Burau matrix of z, which is equal to
{(F;)x, Ni) by Lemma 5.1. In view of Corollary 5.4 and Theorem 4.1, the desired
equality will be shown provided M ({(F;)z, Ni)) = LWecr(z).

Let o be another zg&segment in M. (FE;) which intersects the noodle Nj. By

minimality of k, o/ = (ku) for some u € (k + 1,n). By Theorem 4.2, some polygon
Q@ in the decomposition of d, has vertices k, p,u; both arcs o and o' intersect Q.
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Hence by property (C), « and o’ are parallel with the same orientation (notice
that, in particular, u = p holds). This shows that all arcs in M, (F;) intersecting
the noodle Ny, have the same sign of intersection so M ({(F;)x, Ng») = LWer(z). O

Lemma 6.4. Let x € Bi". Then z has Property (C).

Proof. The proof is by induction on the number r of non-d factors in the dual
normal form of x. The case r = 1 is checked by direct calculation. Actually, in this
case (E;)z has at most one maximal labeled arc for any j.

Suppose Ny(x) = 6Pd; - --d, with » > 1. Then 2/ = 6Pd; - - - d,_1 is also simply-
nested and has the Property (C) by induction hypothesis. Let us express d,_; and
d, as products of disjoint polygons: d,_1 = P;-+- Py and d, = Q1+ Qp.

For f = 1,...,n — 1, suppose that a = @ and o/ = (2’/7) are two arcs in
M (Ey) that intersect a common polygon @ € {Q1,...,Qy}. By Theorem 4.2, all
of i,i', j, j" are vertices of Q. Following the proof of Theorem 4.2 we can find arcs
B = (kl),8" = (K'l') in the diagram D, with label Wer(z) — 1 (8,8 € My (Ey))
and ax; - a;; and ap v  ay ;. Moreover we can choose 3,5’ so that o and o
come from S and /8’ respectively under the action of @ (see Figure 4 (a)).

By simply-nestedness assumption, k,[, k", !’ must be vertices of a common poly-
gon P € {Py,...,Py}. This implies that both § and 5’ intersect with the same
polygon P, hence by Property (C) for 2/, the arc segments 8 and ' are parallel
with the same direction. Therefore the same property holds true for @ and o, as
we wanted to show. ]

Remark 6.5. We observe that, although it is a stronger property, simply-nestedness
is fairly easy to check whereas checking Property (C) directly is often a hard task
since we need to know both dual normal form and the curve diagram of braids.

Proof of Theorem 6.1. Lemmas 6.3 and 6.4 show part (i).

We explain how to compute the final factor d,. of the dual normal form of z, which
gives an algorithm to compute the whole dual normal form of x from its Burau
matrix. Let Ng(x) = 0Pd; ---d, and write d, as a product of disjoint polygons:
dr = Q1+ Q.

Our strategy to determine d, is as follows. We show how to find some a; ;
satisfying a;; <a d» from p,(z). Since d, is written as a product of at most
(n—2) letters a; ;, by iterating this procedure at most (n — 2) times, we eventually
determine d,..

Fori=1,...,n—1, let Mf(xz) = max{M(p,(z);;) | j = 1,...,n — 1}, namely,
the maximal degrees of the variable ¢ in the ith column of the Burau matrix of x
(do not confuse M;(x) in Section 3, where we used the maximal degrees of the ith
row). First we show that M (z) gives candidates of a; ; satisfying a; ; <q d;.

Claim 6.6. We have
min{i € {1,...,n}|3j,a,; <a d,} =min{i e {1,...,n— 1} | M{(z) = M(p,(z))}.
Proof. Let i9 = min{i € {1,...,n}|3j,a;; <a dr}. Let k > ip be such that
Qig ke < .

First, we show that M (v) = M(p,(x)). Since a;, » < d, and by Theorem/iQ

there must exist some p € {1,...,n}, p > ig, such that D, admits an arc a = (igp)
labeled LWer(z) = M (pn(2)). Let also Q € {Q1, ..., Qs} having vertices ig, p, k and
let j be such that o € M, (E;). We observe that « intersects the noodle N;,. We
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will show that M (pn(2);i,) = M(pn(x)). Indeed, let o/ € M,(E;) and suppose
that o/ intersects N;,. By minimality of iy, &’ must intersect with the polygon @
and by Property (C), ' is parallel to a with the same orientation. Hence o and
o/ intersect with N;, with the same sign. Therefore M ({(F})x, N;,)) = M(pn(z))
as we wanted to show.

Second, we show that for i < ig, Mf(z) # M(pn(z)). Otherwise, there would
exist some j such that M, (E;) is non-empty and we could find some 5 € M, (E;)
intersecting the noodle N;. But then because of Theorem 4.2, [ yields a letter

prefix of d, which contradicts the minimality of 4. O

It follows that we can find iy as above looking at the columns of p,, (x). We then
proceed to find k such that a;, x <4 d;. Let j be such that M(p,(v);:,) = Mf, ().
There might be several ones, we just choose any of them. Then there is a maximally
labeled arc segment o = (igp) € M (E;) which intersects the noodle N;,. It is
enough to determine p because Theorem 4.2 implies that a;, , <4 d.. Notice that,
by Property (C), p is unique with the property that (E;)z contains a maximally
labeled arc segment of the form @. In the remaining part of the proof, p and

—

a = (ipp) are fixed and we explain how to determine p from the Burau matrix.

Claim 6.7. The integer p above satisfies

(i) M({(Ej)x, Np—1)) = M(pn(2)jp-1)) = Wer(z),
(it) M({(Ej)z, Np)) = M(pn(z)jp) # LWer(z).

Proof. (i) First let o’ be any arc segment in M, (FE};) intersecting the noodle N,_.
By minimality of ¢ it must also intersect the chord segment joining punctures ig
and p, hence the polygon Q. By Property (C), o is parallel to o with the same
direction. This shows (i).

(ii) Consider now an arc o/ € (E;)x which intersects the noodle N,. We show
that its label is strictly less than LWecr(z). Otherwise, by minimality of ip, o’
would also intersect the polygon @; by Property (C) it would be parallel to «,
contradicting the fact that it intersects N,,. (I

Now we notice that simply looking at the matrix p,,(x) is not sufficient to find p:
there might be several integers sharing with p the properties of Claim 6.7. However
let {p1,...,pc} be the set of those punctures satisfying conditions of Claim 6.7 and

suppose p; < -+ < p.. To find p, we compute matrices pn(sca;o}ph) forve=1,...,¢,

until we find M(<(Ej)a:a;)}pL,NpL>)) < Wer(z). This determines p thanks to the
following observation:

Claim 6.8. For . = 1,...,c the integer p, satisfies:

M(((Ej)xai_‘)’lpL,NpL>) = Wer(z) if p, <p,
M{(Ej)za;t, Ny )») < Wer(z) ifp, =p

20,P.

Proof. Let ¢« € {1,...,¢} be such that p, < p. We observe that each maximally

labeled arc segment in (Ej)zai_o}pb which intersects the noodle N, corresponds to

a maximally labeled arc segment in (E;)z which intersects Ny, (in the same sign);
see Figure 8. This shows:
M((Ej)zaz,),  Np.») = M(Ej)z, Ny, ») = Wer().

20,P.
On the other hand, no arc segment with maximal label in (Ej)xa;)}p intersects

the noodle N,, so we get the desired equality M ({(E;)za;* ,N,)) < Wer(z). O

20,p’
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FicURE 8. Indicated by a small circle, maximally labeled arcs

in (Ej)z (in (Ej)xa%ylph respectively) having intersection with the

noodle N, (depicted as dashed line).

This achieves the proof of part (ii) of Theorem 6.1. O

Before proving the corollaries of Theorem 6.1, we make some remarks on the
proof.

Remark 6.9. We notice that only Property (C) is needed in the proof of the first
part of Theorem 6.1, as well as in the procedure aiming to determine the last factor
of the dual normal form from the matrix. However in order to use this procedure
in an inductive way and hence determine the whole of the dual normal form, the
simply-nestedness assumption is crucial because Property (C) just concerns the last
factor d,. so it does not guarantee that 6Pd; - - - d,—; also has Property (C). Moreover
as we saw, simply-nestedness is often much easier to recognize than Property (C).

Remark 6.10. A statement similar to the first part of Theorem 6.1 concerning the
dual infimum and the minimal degree of the entries of the Burau matrix, although
it sounds quite reasonable, cannot be deduced from our proof. Indeed, the simply-
nestedness assumption as well as the Property (C) do not control intersections of
noodles and arc segments with smallest wall-crossing labeling at all. For the same
argument to work, we need the following analogue of Property (C):

(C’) Let Ny(z) = 6Pdy - - - d,. Express d, as a product of disjoint polygons: d, =
Q1 Qp. Foreachi=1,...,n—1, any two arc segments o and o/ in z(E;)
labeled SWer(z) and intersecting a common polygon @ € {Q1,...,Q} are
parallel and have the same orientation.

This makes a good contrast with the case of the LKB representations [IW]; in
that context one can apply key techniques of treating arc segments with the largest
crossing labeling (Bigelow’s key Lemma [Bi2, Lemma 5.1]) to arc segments with
the smallest crossing labeling as well.

We now proceed to show the corollaries to Theorem 6.1.

Corollary 6.11. Let z € B3. Then

(i) supg(z) = M(ps(z)),
(i) infq(z) = m(ps(z)).
(iii) One can compute the dual normal form of x from the matrix ps(z).
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Proof. We just need to be careful about the assertion (ii) (see Remark 6.10). To
prove (ii), we notice that all dual simple elements are polygons. This observation

and an argument similar to Lemma 6.4 shows that any 3-braid has property (C’).
O

Corollary 6.12. Let « € By and Ny(z) = 6Pdy ---d,. Assume that for all i =
1,...,7r =1, (d;,di+1) is not in the following list:

(a1,2a3,47 a2,4), (a172a374, CL3,4CL2,3), (a1,2a3,4, a1,2a1,4),
(a2,3a1,47 01,3), (a2,3a1,47 a1,3a2,3), (a2,3a1,47 a1,3a1,4)
Then
(i) supg(x) = M(pa(z)),
(ii) one can compute the dual normal form of z from the matrix p4(x).
In particular, if the dual left normal form of a 4-braid x does not contain a factor
(a1,2a3,4) or (az,3a1,4) then py(8) # 1.
Proof. Tt follows from Theorem 6.1 observing that the mentioned pairs are the only
six ones which are left-weighted and not simply-nested. O

Let e : B,, — Z be the abelianization map, given by e(c;) = 1. Since det(p,(z)) =
q“®) | if p,(x) = Id then e(z) = 0. By combining this simple constraints, we get a
useful criterion for braids not to lie in the kernel of the Burau representation.

Corollary 6.13. Let € B, be a non-trivial braid and Ny(z) = 6?dy---d,. If
there exists " < r such that

(i) The subword x,» = §Pd; - -d, is simply-nested,

(ii) v > e(dpy1---d;),
then p,(z) # 1. Moreover the condition (i) is always satisfied if r’ > 2=2,
Proof. Put E = e(dy41---d,). Assume on the contrary that p,(x) = 1. Since
e(d;) < (n—2), we have 0 = e(z) < (n—1)p+(n—2)r'+Eso —p < < ((n—2)r"+E).
On the other hand, by (i)

0= M(pn(.’L‘)) = M(pn((spdl co dr’)pn(dr’-H co dr)) = M(pn(6Pd1 ce dr’)) =p+ r

hence ' < —p. Therefore ' < —5((n — 2)r’ + E), which is equivalent to r’ < E.

This contradicts (ii). The last assertion follows from the inequality E < (n—2)(r —
r').

We close this section by looking at some known examples of elements in the
kernel of the Burau representations ps and pg.
Consider the braids

-1 -1
x = [vy w103v] "2, 03] € B,
where v; = 0105 ‘o5 toy and vy = 0] 209020, and
— [y,—1 -1 B
y = [w] oqw1,wy 0403020101020304w2] € Bs,

where w; = 03_1020%02020302 and wy = 04_1030201_2020%030102.
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It is known that p5(y) = Id and pg(x) = Id. The following are dual normal
forms of a conjugate z’ and 3’ of z and vy, respectively:

Ny(2') = 05%a16aa5)(a1,6a25)(a1,604,6023)(a1,5045023)(a3,6045)(a1,602,5045)
(a1,6a3,5)(a1,6a5,602,4)(a1,305,6)(a2,4056)(a1,305604,5)(a2,604,5)(a1,3),
Na(y') = 65%%(a25045)(a1,5035)(a1,403.4)(a2,5)(a1,502,3)(a1,503.4)" (a1,3)(a2,5a3.4)

(a1,4a3,4)(a1,2a1,4)(a1 203 5)(a1,2a1 5a3,4)(a1,5)(a1,2)(az,3)(az 1)
(a2,4) (a1,3a4,5)(a1,2a4,5)(a2¢3a4,5)(01,304,5)(611,2613,5%,5) (a2,5a3,5)
(a1,3a1,4) (a1,201,4)(a1,201,3a4,5)(a1,2a4,5)(a2,3a4,5)2(a2,5)(al,402,3)
(a2,5a3,5)(a1,503,5)(a1,502,4) (1,504 502,3) (01,503 502,3)* (a2,4) (a1,304,5)
(a1,2a45)(a2,3a4,5)(a1,3045) (1,204,503 4)-

See Figure 9 for a pictorial (polygon) expression of Ny(z’). One notices that
Ny4(2') contains many non-simply-nested pairs. Similarly, one observes that Ny(y’)
also contains a lot of non-simply-nested pairs. These examples and our results on
simply-nested braids suggest that the Burau matrix of a braid z is close to be the
identity matrix only when its dual normal form contains many non-simply nested
pairs.

-6

0 1) @] 9E2) [N (0= (COH=) ()

FIGURE 9. A pictorial way to represent the dual normal form of
the braid 2’ € Bg (the puncture rounded by a circle is the first);
the symbol * represents non simply-nested pairs.
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